Determining anisotropies in the arrival directions of cosmic rays at the highest energy is an important task in astrophysics. It is common and useful to partition the sky into spherical harmonics as a measure of anisotropy. The two lowest nontrivial spherical harmonics, the dipole and the quadrupole, are of particular interest, since these distributions encapsulate a dominant single source and a plane of sources, as well as offering relatively high statistics. The best experiments for the detection of ultra high energy cosmic rays currently are all ground-based, with highly nonuniform exposures on the sky resulting from the fixed experimental locations on the earth. This nonuniform exposure increases the complexity and error in inferring anisotropies. It turns out that there is an optimal latitude for an experiment at which nonuniform exposure does not diminish the inference of the quadrupole moment. We derive the optimal latitude, and find that (presumably by a fortuitous coincidence) this optimal latitude runs through the largest cosmic ray experiment, Pierre Auger Observatory (PAO) in the Southern Hemisphere, and close to the largest cosmic ray experiment in the Northern Hemisphere, Telescope Array (TA). Consequently, assuming a quadrupole distribution, PAO and TA can reconstruct the cosmic ray quadrupole distribution to a high precision, without concern for their partial sky exposure.
I. INTRODUCTION
Detecting any deviation from isotropy in ultra high energy cosmic rays (UHECRs) has been a long sought after goal. For example, at high energies above the GZK suppression, the anisotropies are expected of reveal the distribution of cosmic ray sources. One common approach measuring anisotropies is to partition the sky into regions of various sizes with the use of spherical harmonics. The low order spherical harmonics correspond to simple structures. The lowest nontrivial order, = 1, called the dipole, may correspond to a single source where the cosmic rays have been smeared out by magnetic fields during propagation. The next order, = 2, called the quadrupole, can correspond to a planar distribution of sources, such as might be the case if the sources are spread across the galactic or supergalactic plane.
Several ground based experiments have been detecting UHECRs for several decades. Their attempts to measure any sign of anisotropy have yet to find any statistically significant signal. One fundamental problem with any ground based experiment is that it can only see part of the sky, since the earth is opaque to UHECRs.
Reconstructing the spherical harmonics in general, including the quadrupole anisotropy magnitude arising from a planar distribution of sources, is straightforward with full sky (even nonuniform) coverage. Partial sky coverage, on the other hand, complicates things dramatically. While the techniques in the literature for dealing with the dipole on partial sky coverage are fairly simple, those for a quadrupole are not [1] [2] [3] .
The largest cosmic ray experiments currently are the * peterbd1@gmail.com † tom.weiler@vanderbilt.edu Pierre Auger Observatory (PAO) and the Telescope Array (TA). These experiments will be the focus of this paper. In section II we review spherical harmonics in the present context. Section III presents the partial sky exposure function and breaks it down into spherical harmonics; and shows that both experiments sit on or near an optimal latitude (∼ 35
• ) for inference of Nature's quadrupole strength. Section IV presents a discussion of how the spherical harmonics mix under partial sky exposure. In section V we analytically and numerically show that calculating the strength of the quadrupole anisotropy for experiments at this optimal latitude does not require considering the effects of partial sky exposure up to a small correction. Section VI repeats the analytic analysis in the previous section for a dipole, and section VII contains a few conclusions.
II. SPHERICAL HARMONICS
The spatial event distribution, I(Ω), normalized to dΩ I(Ω) = 1, can be expressed as the sum of spherical harmonics,
where Ω denotes the solid angle parameterized by the pair of polar (θ) and azimuthal (φ) angles. The set {Y m } is complete, and so the expansion Eq. 1 is unique. Besides being compete, the set {Y m } is also orthonormal, with orthonormality condition
The asterisk denotes complex conjugation of the spherical harmonic; the complex Y m 's satisfy the relation
The a m coefficients contain all the information about the flux distribution. Inversion of Eq. 1 gives the coefficients
This relation makes it clear that a 0 is real (since Y 0 is real), and that a m , m = 0, is complex (because Y m , m = 0, is complex).
In practice the observed flux is the sum of Dirac delta functions,
where
is the set of N directions of cosmic rays and δ(u i , Ω) = 1 if u i is in the direction of Ω and 0 otherwise. This allows us to approximate the coefficients in Eq. 3 asā
The lowest multipole is the = 0 monopole term which contains no anisotropy information. The normalization of the all sky event distribution to unity fixes the value a
. Guaranteed by the orthogonality of the Y m 's, the higher multipoles (i.e., ≥ 1) when integrated over the whole sky equate to zero. Their coefficients a m , when nonzero, correspond to anisotropies.
We consider the uncorrected coefficients measured directly by an experiment with a nonuniform exposure function ω(Ω). They are
where ω(Ω) is the experiment's exposure function normalized such that dΩ ω(Ω) = 4π. We also take dΩ I(Ω) ω(Ω) = 1. This approximation and Eq. 6 then fix the observed monopole coefficient to be
. As with the a m 's, the b 0 's are real and the b m 's, m = 0, are complex. The approximation for the sum of discrete points becomes
We then assume that the continuous coefficients, a m , b m are well approximated byā m ,b m . The path to clarity here is revealed by also decomposing the exposure function into spherical harmonics,
with coefficients c m given by,
Again, the c 0 's are real and the c m 's, m = 0, are complex. From the normalization of the exposure function given above, we infer that c
The key ingredient of this paper will be the claim that the c 0 2 coefficient, the amount of quadrupole in the PAO and TA exposure functions, is nearly zero (and so can be neglected). Furthermore, the normalization choice on the directly inferred event distribution implies that 
where we define our bracket as [4]
It is clear from the integral definition of the bracket that the bracket is invariant under the interchange of indices.
As is well-known, this bracket, or triple Y m integral, is non-vanishing only if several important requirements are met [5] . The first is that m 1 + m 2 + m 3 = 0 (i.e., the mrule). The next is that | i − j | ≤ k ≤ i + j for different i, j, k (i.e., the triangle inequality rule). The third is that 1 + 2 + 3 must be even (i.e., the parity rule).
Eq. 10, relating the inferred anisotropy coefficients (b m 's) to the true coefficients (a m 's) and exposure coefficients (c m 's), is completely general.
A. Ground-Based Experiments and Right Ascension
The exposures of ground based experiments are essentially constant in the equatorial coordinate "right ascension" (RA). Therefore, expansions of the exposure have non-vanishing coefficients only when the m-value of the c 
With m 2 identically zero, the m-rule then requires m 1 = m, i.e. inferred b m and true a m 1 will share the same mvalue. However, the -values will in general differ.
The values of nonzero, independent brackets withvalues up to four, and one m value equal to zero, are listed in Tables I and II of appendix A. It is seen that the brackets remain sizable even as increases. In particular, the brackets with one 1 or 2 equal to and the other equal to zero retain their value
for all values of by orthonormality. The cutoff in the summation in Eq. 12 must therefore come from the a m and c 0 coefficients. The set of a m 's are determined by Nature and are awaiting discovery by our experiments. The set of c 0 's are determined by the location (latitude) of the ground based experiment, and by the experiment's opening angle of acceptance on the sky.
Since exposures are relatively smooth functions of declination, fits to exposures will be dominated by lower multipoles (small values). Moreover, as the ground based experiment moves farther from the equator, the symmetry about the equator of its exposure function decreases; this latter fact diminishes the participation of even parity (even ) multipoles in the fits. Thus, we expect the dominant fitted multipole to be the = 1 dipole, characterized by c . The inferred dipole expansion is more interesting. With = 1, the triangle rule and the parity rule restrict the values of, say 2 relative to 1 , to be ±1. From Eq. 12, the dipole sum becomes
We learn a lesson here, that an inferred dipole can be "faked" by a non-dipole multipole when multiplied by a multipole component of the exposure differing by one unit of . As with any angular momentum addition, a true multipole and an exposure multipole can add constructively or destructively. Finally, we write down the expansion for the inferred quadrupole. Here the triangle rule and the parity rule restrict 2 to be equal to 1 or to differ from 1 by two. The result is
Here we learn that an apparent quadrupole can also be faked by a true multipole and a multipole moment of the experimental exposure. For example, a true monopole event distribution (a Experiments with less than 4π exposure, which includes all ground-based experiments, are subject to this ambiguity. Assumptions, such as which particular moments Nature chooses to present, must be made. There are two ways around this ambiguity. Both ways require all sky coverage. The first way is to consider space-based experiments, such as the Extreme Universe Space Observatory (EUSO) proposed for an orbital mission aboard the International Space Station [6] . The second way is to combine data from different experiments so that the whole sky is effectively observed. The latter method introduces the sticky problem of combining experiments which have different systematic errors. Combining the data of PAO and TA is an example of the latter approach [7] .
III. PARTIAL SKY EXPOSURE FUNCTION
The exposure functions of ground based experiments cover only part of the sky, and are highly nonuniform across that part of the sky that they do see.
The relative exposure of a ground based cosmic ray experiment [8] is given explicitly by,
The exposure is seen to depend on two experimental parameters, the latitude of the experiment, termed a 0 in conventional language, and the experiment's acceptance angle, θ m . Also appearing in the formula is δ, the declination at which the experiment is located in equatorial coordinates (i.e., the varying latitude). PAO's latitude and typical acceptance angle are −35.2 • and θ m = 60
• (the corresponding numbers for TA are a 0 = 39.3
• and the value of θ m varies across the literature, but does not affect this analysis -we take it to be θ m = 45
• from [9] ). We have assumed that any longitudinal variation in exposure due to weather, down time of the machine, etc., is a random process whose average is independent of right ascension (RA). Thus, the detector is effectively uniform in RA, and all c m = 0 for m = 0. The exposure function for a ground based experiment located at PAO's location is shown in Fig. 1 .
We turn now to our claim that the quadrupole component of the PAO and TA exposure functions (i.e., the c 0 2 coefficient) is nearly zero in equatorial coordinates at the latitudes of these two experiments. This claim is neither clear nor automatic.
To understand the plausibility of vanishing c for an experiment at a pole would have the sign of c 0 2 opposite to that of an experiment at the equator. Therefore, we infer that there is some latitude δ in each hemisphere at which c 0 2 must vanish. That unique |δ| at which c 0 2 vanishes turns out to be very near the latitudes of PAO and TA, as we now show.
In Fig. 2 , we show the first four spherical harmonic coefficients for the exposure function of ground based (fixed latitude δ) experiments. The values of = 2 are included for scale and comparison. The left panel plots the first four c 0 coefficients versus the experimental latitude a 0 , in degrees. It is seen that the ±latitude for which c 0 2 vanishes agrees very accurately with the latitudes of PAO and TA. In fact, PAO's latitude is −35.21
• (termed a 0 in conventional notation), while the unique latitude at which c 0 2 vanishes is −35.26
• . The difference between these two latitudes is ∼ 7 km -much smaller than the scale of PAO. That is, the latitude at which c At PAO's latitude, we see that the largest exposure coefficient in magnitude is c 0 1 , and that it is negative. This agrees with the expectation from Fig. 1 , which appears to be largely dipolar in nature. (We also note that at the equator c 0 1 vanished, while c 0 2 is large as expected. We comment on this occurrence later in the paper in §VI.)
A conceptual complication is that the exposure function is necessarily evaluated in equatorial coordinates, while anisotropies of interest are best considered in galactic coordinates. Any rotation in coordinates mixes the set of (2 + 1) Y m 's with fixed . However, it is possible to reconstruct anisotropy information in the coordinate frame of one's choosing by using the rotationally invariant "power spectrum", defined by the -dependent (but not m-dependent) set of numbers C ≡ 1 2 +1 m |a m | 2 . We discuss this power spectrum again in §V. In appendix B we present a proof of the rotational invariance of the C 's.
IV. DIPOLES AND QUADRUPOLES AT PAO
Armed with the result that the PAO exposure is dominantly dipole (c 
and
Then the dipole term will be notably nonzero, while the quadrupole will be reconstructed correctly and exactly without accounting for the exposure function in any fashion (including the initial cutoff at 2 > 2). Theb m 's are determined experimentally and in the limit of N → ∞,b m = b m . Thus, Eqs. 18-19 could be inverted to yield the desired a m 's. That approachapplying an 2 cutoff to the expansion of the exposure function and inverting -is similar to the K-matrix approach described in [3] . The mixing of coefficients shows up in the K-matrix approach as taking the inverse of a non-diagonal matrix.
The description presented here has two slight advantages over the K-matrix approach. First, the symmetries making some terms equivalent or zero are made explicit by the properties of the bracket object. Second, the fact that c 0 2 is zero or sufficiently small for PAO and TA respectively can be explicitly taken advantage of. While the K-matrix approach is easily extended to arbitrary order in the 2 cutoff, the resolution falls off very quickly as the cutoff 2 is increased; the practicality of the approach fails for 2 2. PAO uses this K-matrix approach, but 2 . The 2MRS catalog [10] lists peculiar velocities for the smallest redshifts, and corrects the galactic latitude |b| < 10
• cut. C2 is large because the galaxies roughly form a planar (quadrupolar) structure; C1 is large because we are not in the center of the super cluster, thereby inducing an additional dipole contribution.
only up to a cutoff of 2 = 2. PAO obtains a result easily reproduced here.
In the next section of this paper, we follow a similar path, but we include the full expansion of the exposure function and consider the case when Nature provides just a quadrupole anisotropy.
V. PURE QUADRUPOLES AND PAO
Quadrupoles are characterized by the = 2 spherical harmonics. They are theoretically motivated by planar source distributions, and the presence of magnetic fields. As such, the quadrupole anisotropy is typically described by just the parabolic Y 0 2 ∝ 3z 2 −1 spherical harmonic oriented along a particular symmetry axis, plus a monopole term to maintain positive definiteness. This quadrupole describes a maximum along a band across the sky (at z ∼ zero), and two minima regions at the poles of the axis of symmetry of the quadrupole moment (z ∼ ±1). This quadrupole plus monopole distribution can be written in general as I(Ω) = 1 − C cos 2 θ, where θ is the angle measured from the axis of symmetry, and C ∈ [0, 1] is some constant. The value C = 0 corresponds to an isotropic monopole, while C = 1 corresponds to the case where the flux goes to zero at the poles of the symmetry axis -maximum anisotropy. Such a quadrupole signal would likely be evidence of sources distributed along the galactic or super galactic plane. The galactic plane is disfavored as a source, since the Larmor radius of protons at energies above the observed dip in the cosmic ray spectrum (10 18.5 eV) should exceed the dimensions of our galaxy.
In either case, galactic or super galactic planes, equatorial coordinates are no longer appropriate. Galactic or super galactic coordinates are typically used. These systems are related by rotations, but rotating coordinates has the unfortunate effect of mixing up the m-values of the spherical harmonics. A related quantity is the previously mentioned rotationally invariant power spectrum, C . The power spectrum of the super galactic plane is shown in Fig. 3 . The dipole ( = 1) and quadrupole ( = 2) powers are large, as befits a planar distribution viewed from a non-central vantage point.
In the coordinate frame aligned with the quadrupole distribution, only a without any consideration of the experiment's partial sky exposure. This conclusion is the fortuitous occurrence referred to in the title of this paper.
The standard technique in the literature to reconstruct the quadrupole moment with full sky exposure is that outlined by Sommers in [8] . Since PAO and TA's partial sky exposures can be ignored when reconstructing a pure quadrupole, we have shown that it is possible to reconstruct the quadrupole amplitude using a uniform exposure technique even when the exposure is nonuniform. An explicit presentation of a new approach to reconstruct the quadrupole and a comparison with Sommers's approach can be found in our appendix C. We note that for the success of either approach, the experiment must be at or near the optimal latitude (or the experiment must have uniform full sky exposure for which it is also the case that c 0 = 0 for all ≥ 1), and the true quadrupole must be unaccompanied by other multipoles.
B. Numerical Test of the Pure Quadrupole
For confirmation that PAO and TA's exposures do not need to be accounted for when reconstructing the quadrupole anisotropy measure, we simulate pure quadrupole distributions of cosmic rays and apply a partial sky exposure at various latitudes. We then reconstruct the pure quadrupole moment.
The process for generating a quadrupole distribution is to first pick a symmetry axis. Then, we generate cosmic rays with a flux I(Ω) ∝ 1 − C cos 2 θ where θ is the angle between the symmetry axis and Ω, and C ∈ [0, 1] is some constant. The standard measure for anisotropy is
For a purely quadrupolar distribution,
The reconstructed pure quadrupole magnitude is shown in Fig. 4 for several true quadrupole magnitudes and several latitudes. In each simulation, a symmetry axis was randomly chosen. Then 500 cosmic rays were distributed according to the quadrupolar distribution and the experiment's exposure at the given latitude. This process was repeated 500 times and the mean and standard deviation is shown. We see that a 0 = −35.2 • (PAO) reconstructs the quadrupole well. In addition, a 0 = 39.3
• (TA) reconstructs the quadrupole well (but slightly less so than a 0 = −35.2
• ). In between the two optimal latitudes, a 0 = ±35.2
• , we see that the ability to simply reconstruct the quadrupole moment vanishes by the large discrepancy in the a 0 = 0
• reconstruction attempts. In addition, locating the experiments closer to the poles also nullifies this effect as seen in the a 0 = −60
• case. Finally, at a 0 = −45
• we see how this effect begins to fall off as we move outside the 30 
VI. PURE DIPOLE
For completeness, we address the pure dipole analogy to the pure quadrupole discussion of §V. When a pure dipole distribution is assumed, we have I Dipole = 
the same result as in the 2 cutoff case shown in Eq. 20. In the pure quadrupole case, we found that b m 2 was equal to a m 2 times a multiplicative factor that was within a few percent of unity. Here we find the equality between a m 1 and b m 1 is exact for m = 0, but is broken by an additive factor for m = 0. The additive factor is neither large nor small, but rather it is −0.219. This additive factor will also show up with the same relative strength in the power spectrum coefficient C 1 .
Referring back to 
Unfortunately, the multiplicative correction from the now nonzero c 0 2 coefficient is large.
VII. CONCLUSION
We want to stress that the result b m 2 ≈ a m 2 as given in Eq. 25 occurs only in the special case where the experimental latitude is near ±35
• . At these special latitudes, and only at these special latitudes, is the reconstruction of a pure quadrupole source distribution not disadvantaged by partial sky coverage. By a lucky chance, PAO is located at precisely the correct latitude to benefit from the vanishing of c 0 2 . TA's latitude is sufficiently close to 35
• to also benefit. If PAO and TA reconstruct both a dipole and a quadrupole simultaneously, then the simplification fails, since both experiments have significant dipole moments in their exposure functions. The "confusion" is apparent in the mixing within Eqs. 18 and 19. With any source distribution that contains more than a single multipole (plus monopole, of course), the partial sky-coverage inherent in these ground-based experiments exacts a significant price.
Considering that an experiment 5
• away from the optimal latitude reconstructs the quadrupole well while 10
• does not, we claim that experiments at latitudes 30
• can reconstruct a pure quadrupole moment while ignoring their experiment's particular exposure. remain large in magnitude as , 1 , 2 are increased. In particular, they do not generally go to zero with increasing -values. coordinate dependent, as a simple rotation in the φ coordinate will change the e imφ part of the spherical harmonic for m = 0, and a rotation in the θ coordinate will change the associated Legendre polynomial part P m (θ) for = 0. So only the = m = 0 monopole coefficient is coordinate independent.
To combat this problem of rotational non-invariance, the power spectrum, defined by
is often invoked. While it may be intuitive that the C should be rotationally (coordinate) invariant, this attribute is not obvious. The purpose of this appendix is to prove the rotational invariance of the power spectrum. For a discrete set of sources, the normalized intensity function is I(Ω) = 1 N N i=1 δ(u i , Ω). In terms of spherical harmonics, one finds that the spherical harmonic coefficients are given bȳ
where u i is the unit direction vector to the i th cosmic ray, 1 ≤ i ≤ N .
To construct the approximation of the associated power spectrum, we square these a m 's followed by a sum over m:C
Since the sums are finite they may be rearranged and expanded tō
The addition formula [5] for spherical harmonics is
where P (cos θ) is the Legendre polynomial. Since P (1) = 1, setting the unit direction vectors x and y to be equal in Eq. B5, one gets
Combining Eqs. B4, B5, and B6 gives
Experimentally onlyā m andC may be measured, but these approximate their continuous counterparts a m , C respectively. Finally, since inner products are invariant under rotations, the C are also invariant under rotations. This completes the proof. Sommers outlines one method for calculating the anisotropy from a pure quadrupolar distribution [8] . His approach assumes full sky (possibly nonuniform) exposure. Based on the results from this paper, that same 5 . 500 directions were simulated with a quadrupolar distribution aligned in a random direction, and with PAO's exposure. Here, αQ is set to unity. The quadrupole strength was then reconstructed with each of the two techniques. This process was repeated 1000 times. Both approaches are correlated -that is when one approach gives a small value of α, the other will as well.
approach can be applied for PAO and TA by ignoring their exposure.
We present here the explicit description of a new approach, based on the results of this paper, that is similar to the K-matrix approach [3], but explicitly takes advantage of the fact that c 0 2 = 0 and the fact that the a m don't mix as shown in section V for a purely quadrupolar distribution.
Since the power spectrum is rotationally invariant as shown in appendix B, we can consider a coordinate frame that aligns the z-axis with the symmetry axis of the quadrupole. Then only a 
where the normalization requirement sets 
In the coordinate frame where the quadrupole symmetry axis is aligned with the z axis, only a 0 0 and a 0 2 are nonzero and are given by Eq. C3. Then a 0 2 = − √ 5C 2 where we used the definition of the power spectrum from Eq. B1 and the sign is because a 0 2 in Eq. C3 is negative definite. Then we have a prescription to find α Q as defined in Eq. 26. First calculate the power spectrum for = 2 in any coordinate frame for data with either full sky coverage or from experiments at latitudes 30
• . Then get a 0 2 and then find C as described in Eq. C3 and this gives α Q from Eq. 27.
We compare this approach to that described by Sommers in [8] . We note that this new technique provides no directional information which can be calculated from the eigenvectors of the Q tensor as described by Sommers. A plot of the comparison is shown in Fig. 5 of the reconstructed quadrupole amplitude. The results are consistent with each other. In particular, the means and standard deviation for each approach are 1.033 ± 0.099 for this new approach and 1.017 ± 0.098 for Sommers's approach, compared to a correct value of 1. The triple Y m integral is also related to Wigner's 3j symbol. But our bracket notation is more streamlined for the present problem.
